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Motivation: Dynamic Spatial Economics

• How does the spatial distribution of economic activity respond to local shocks?
(e.g. productivity, migration, trade, amenity)
– Response can be gradual: migration frictions for mobile factors and accumulation of immobile factors

• A key challenge: forward-looking capital-investments in spatial models with population mobility
– Investment and migration choices in each location depends on one another & in all locations/future periods

• We make four main contributions:
1. Develop a dynamic spatial model with forward-looking investment and migration; existence/uniqueness
2. Generalize dynamic hat algebra results for migration models to include capital investments
3. Linearize & analytically characterize determinants of speed of convergence (spectral analysis)
4. Application: income convergence across U.S. states over time (capital dynamics & labor mobility)
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This Paper
• A model with many locations, rich geography of trade and migration costs, and capital accumulation
– hand-to-mouth workers decide on migration, immobile landlords in each location invest capital
– analytical conditions for existence and uniqueness of steady-state

• Generalize dynamic hat algebra: counterfactuals without information on unknown fundamentals
• Linearize the model to obtain a closed-form solution for the transition path to analyze the
determinants of the speed of convergence
xt+1 − xt = P (xt − xt−1 ) ,

xt : endogenous state variables at time t

– speed of convergence depends on spectral properties of transition matrix P

• Economy’s transition dynamics shaped by interaction between migration and investment dynamics
– adjustment is slow when capital and labor are both above/below steady-state; fast otherwise

• Applications: US state data 1965-2015; state-industry data 1999-2015
– decline in rate of income convergence over time (β-convergence)
– slow convergence and heterogeneous impact of shocks (interaction of capital and labor dynamics)
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Economic geography models with
dynamic migration decisions
Caliendo et al. (2019)
Trade models with dynamic
investment decisions
Eaton et al. (2016), Ravikumar et al.
(2019), Alessandria et al. (2021)

A multi-region model with
migration and investment decisions
-

Existence and uniqueness of steady-state
Non-linear solution for transition path
(“dynamic exact-hat”)
Non-trivial K-L interactions

Linearization and
spectral analysis

Linearization methods in DSGE
Blanchard and Kahn (1980),
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-

Eigenvalue-eigenvector representation
Speed of convergence
The full spectrum matters
High-dimensional state space
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Linearization and Transition Dynamics
• Linearize the model to characterize transition dynamics analytically
• Suppose economy is on a path towards initial steady-state with constant fundamentals (z, b, κ, τ )
• Characterize transition dynamics under three settings:
1. at t = 0, agents learn about one-time, permanent productivity and amenities shocks from t = 1 onwards
2. at t = 0, agents learn about a convergent sequence of future shocks to fundamentals
3. productivity and amenities evolve stochastically AR(1); agents have rational expectations
– can generalize to trade and migration cost shocks

• Transition path: 2nd-order difference equation in state variables
– solve by method of undetermined coefficients (Uhlig 1999)
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Consider perfect foresight & one-time, permanent shock at t = 1
• Fundamental shocks fe =
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Proposition (Transitional Dynamics). There exists a 2N × 2N transition matrix (P) and a 2N × 2N impact
matrix (R) such that the second-order difference equation system has a closed-form solution of the form:
e
xt+1 = Pe
xt + Rfe

for t ≥ 0.

• Proposition implies law of motion in first-difference:
(
P (ln xt − ln xt−1 )
ln xt+1 − ln xt =
P (ln xt − ln xt−1 ) + Rfe

if t > 0
if t = 0

• Allocations at t = −1 and t = 0 are sufficient for solving the entire transition path after any shock fe
• Separation of convergence vs. shock dynamics: can perform counterfactual without initial conditions
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1963-1980 Annual growth rate (inc. per capita)

Income Convergence 1963-80
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Note: Slope coefficient: -0.0236; standard error: 0.0038; R-squared: 0.4758.
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1980-2000 Annual growth rate (inc. per capita)

Income Convergence 1980-2000
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Note: Slope coefficient: -0.0135; standard error: 0.0039; R-squared: 0.2092.
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2000-2017 Annual growth rate (inc. per capita)

Income Convergence 2000-2017
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Note: Slope coefficient: 0.0095; standard error: 0.0061; R-squared: 0.0712.
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Importance of Initial Conditions

• Much of the decline in the speed of convergence in income per capita can be explained by initial
conditions
8 / 15

Capital Versus Labor Dynamics

• Capital adjustment important for dynamics of income per capita
• Migration important for dynamics of population
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Convergence to 1975 Steady-State Strongly Predicts 1975-2015 Population Changes

Actual log growth 1975-2015
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Predicted log growth from convergence to initial steady-state
Note: Slope coefficient: 0.9896; standard error: 0.0951; R-squared: 0.8165.
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Spectral Analysis

• Use linearization to characterize the transition path in lower-dimensional components
• Undertake an eigendecomposition of the transition matrix P
– For each eigenvalue λk , the right-eigenvector uk satisfy
Puk = λk uk
– if state variables deviate from steady-state by uk , then distance closes at constant rate λk

• Define an eigen-shock as a shock to productivity and amenities (fek ) for which the initial impact of
these shocks (Rfek ) coincides with the right eigenvector (uk ) of the transition matrix: fek ≡ R−1 uk
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Heterogeneity in Half Lives
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Heterogeneity in Half Lives
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Non-Linear Solution and Linearization
• Invert non-linear model (prod., amenities, trade & migration costs)
• Start from steady-state implied by 1990 fundamentals
• Shock by vector of productivity shocks 1990-2000
• Compare transition paths in our linearization and non-linear model
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Conclusions
• How does the spatial distribution of economic activity respond to local shocks?
(e.g. productivity, transport infrastructure, trade, amenity)
• A key challenge is modelling forward-looking capital-investments in spatial models with population
mobility
– Interaction between investment and migration in all locations in all future periods

• We make four main contributions:
1. Develop a dynamic spatial model with forward-looking investment and migration
2. Generalize dynamic hat algebra results for migration models to include capital investments
3. Linearize & analytically characterize determinants of speed of convergence (spectral analysis)
4. Application: US state data 1965-2015; state-industry data 1999-2015
- Decline in rate of income convergence over time (β-convergence)
- Slow convergence and heterogeneous impact of shocks
- Heterogeneity explained by the interaction of capital and labor dynamics
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